ABSTRACT This paper studies stability analysis of a class of integral delay systems with multiple exponential kernels. By using the multiple Jensen inequalities established recently and the Lyapunov-Krasovskii functional approach, some new sufficient stability conditions expressed by linear matrix inequalities (LMIs) are obtained. It is shown that the obtained stability conditions are always less conservative than the existing ones. Robust stability of this class of integral delay systems with parameter uncertainties is also investigated and some sufficient conditions expressed by LMIs are obtained. The effectiveness of the proposed methods is illustrated by some numerical examples.
I. INTRODUCTION
Integral delay systems play an important role in the study of time-delay systems. The main source of the integral delay system is summarized as follows: (1) . In the study of stability analysis and stabilization of retarded-type time-delay systems, in order to get delay-dependent stability conditions, the system transformations are usually required [6] , [9] , [19] . The system transformation however can lead to additional dynamics that is usually described by a class of integral delay systems. It was shown in [8] that the stability of the integral delay system is a necessary condition for the stability of the retarded-type time-delay system after the state transformation. (2) . In the problem of predictor feedback control, the design of the infinite dimensional controller can be safely implemented if and only if some integral delay systems are stable [5] . (3) . In the stability analysis of the neutral-type time-delay systems, the stability of some integral delay systems called as D operators is necessary for the stability of the original neutral-type time-delay systems [2] , [7] . Time-delay systems described by functional differential equations have been a hot study topic for several decades and plenty of remarkable results have been reported in the literature. For instance, stability of linear systems with (timevarying) time-delay was studied in both [4] and [10] by respectively using some new weighted integral inequalities and some relaxed inequalities, stability and regulation of neural networks with distributed and time-varying time delays were respectively studied in [3] , [16] , and [1] , fault tolerant control for networked control systems with time delays was studied in [18] , sampled-data control of chaotic Lur'e systems with time delays was studied in [15] , and filtering of linear Markovian jump systems with time delay was studied in [20] . What's different is that the study of integral delay systems attract few attention in the literature only in very recent years. In [13] , the Lyapunov stability theorem for this class of systems was constructed first. The delay-dependent stability conditions for a class of integral delay systems were proposed in [12] . For the exponential stability of some classes of integral delay systems with analytic kernels, [14] derived stability conditions expressed by linear matrix inequalities (LMIs). Very recently, we have studied in [11] a class of integral delay systems with multiple exponential kernels. By extending the Jensen inequality to the case having multiple integrals, stability analysis of a class of integral delay systems with multiple constant kernels were investigated in [21] . For more related work on this topic, see [11] , [12] and the references therein.
In this paper we will continue to study the stability of integral delay systems with multiple exponential kernels, which were introduced initially in [11] , where coupled LMIs based sufficient stability conditions were obtained by using the Lyapunov-Krasovskii functional approach. In the present paper, motivated by our work [21] , we will establish new stability conditions for this class of integral delay systems with the help of Lyapunov-Krasovskii functional approach and the multiple Jensen inequality. We will show that the obtained results are always less conservative than the existing ones, and will reduce to the results in [21] if the considered integral delay system reduces to the one studied in [21] . We also study in this paper the robust stability of this class of integral delay systems with parameter uncertainties, and LMIs based sufficient stability conditions will be provided. The effectiveness of the proposed approaches will be illustrated by several numerical examples.
Notation: In this paper, for a positive definite matrix P, the symbols λ min (P) and λ max (P) denote respectively its minimal and maximal eigenvalues. 
, where ϕ (θ ) refers to the usual 2-norm for vectors. Finally, for two integers q and p with p ≤ q, we use I [p, q] to denote the set
II. PROBLEM FORMULATION AND PRELIMINARIES
This paper considers the following integral delay system
where N ≥ 1 is a given integer, G i ∈ R m×n i , i ∈ I [1, N ] are known constant matrices, n i and m are positive integers with n i ≥ m, i ∈ I [1, N ] , and h i > 0, i ∈ I [1, N ] are constants denoting the delays. Without loss of generality, it is assumed that
Here 
where B 0 i ∈ R n i ×m and A i ∈ R n i ×n i are given constant matrices. Without loss of generality, it is assumed that [11] rank
Two remarks for the integral delay system (1) are given below.
Remark 1: It is not hard to see that (3) is equivalent to [14] 
Then the integral delay system (1) can also be described as
Remark 2: From (4) we know that there exists a γ > 0 such that
Let x (t) = x (t, ϕ) , t ≥ 0, be a solution of (1) satisfying x (t) = ϕ (t) , t ∈ [−h, 0), where ϕ (θ ) ∈ C m,h , θ ∈ [−h, 0), denotes an initial condition for the integral delay system (1) . The definition of the exponential stability for the integral delay system (1) is recalled as follows.
Definition 1 [14] : The integral delay system (1) is said to be exponentially stable if there exists an α > 0 and a β > 0 such that every solution of (1) satisfies the inequality
Regarding the exponentially stability of the integral delay system (1), the following result was obtained in our recent work [11] .
Lemma 1 [11] : The integral delay system (1) is exponentially stable if there exist 2N positive definite matrices
that the following coupled LMIs
are satisfied for all i ∈ I [1, N ] and for some β > 0. Moreover, in this case the state x (t) converges to the origin no slower than e −βt .
In this paper, we will continue to study the exponential stability of the integral delay system (1). On the one side, by using the recently developed multiple Jensen inequality [21] , we will establish a new sufficient stability condition that is shown to be less conservative than Lemma 1. On the other side, we will also investigate the robust stability of the integral delay system (1). To show our results, we need to give some technical lemmas.
Lemma 2 [12] : The integral delay system (1) is exponentially stable if there exists a differentiable functional V : C m,h → R and three positive constants α i , i = 1, 2, and β such that
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Moreover, if the above conditions are satisfied, the state x (t) converges to the origin no slower than e −βt , namely, there exists an α > 0 such that
Lemma 3 (The Multiple Jensen Inequality [21] ): 
Lemma 4 [21] : Let S ∈ R n×n and Q ∈ R n×n be two positive definite matrices. Then Q < S −1 if and only if there exists an R ∈ R n×n such that
The same statements hold true if "<" in the above two inequalities are replaced by "≤". Lemma 5 [17] : For any constant matrices M , N ∈ R q×l , the following inequality
holds for any symmetric positive definite matrix G ∈ R q×q .
III. STABILITY OF THE INTEGRAL DELAY SYSTEM
In this section, by using the multiple Jensen inequality in Lemma 3, we will give LMIs based stability conditions for the integral delay system (1).
Theorem 1:
The integral delay system (1) is exponentially stable and converges to the origin no slower than e −βt if one of the following conditions is met:
1) There exists a series of positive definite matrices
and a matrix R ∈ R m×m such that the following LMIs are fulfilled for all i ∈ I [1, N ]:
where
2) There exist a series of positive definite matrices Q i ∈ R n i ×n i , and S i ∈ R m×m , i ∈ I [1, N ] such that the following LMIs are fulfilled for all i ∈ I [1, N ] :
Proof of Item 1:
We first show that the integral delay system (1) is exponentially stable if there exist positive definite
are satisfied for all i ∈ I [1, N ] . Choose a Lyapunov functional
The condition (10) in Lemma 2 is satisfied because
and
and (6) has been used. Theṅ
in which
Using inequality (22) and the multiple Jensen inequality in Lemma 3 produces
By substituting above inequality into (28), we geṫ
Similarly to the discussion in [11] , we can show that
which are respectively equivalent to (23) and (24). Next, we will show that the series of matrix inequalities (22)-(24) are respectively equivalent to (16)- (18) . Let
Therefore inequality (22) is equivalent to
By Lemma 4, (35) is fulfilled if and only if there exists a matrix R ∈ R m×m such that
On the other side, by applying the Schur complement, inequalities (23) and (24) are respectively equivalent to
which, by applying congruent transformations, are further equivalent to 
are satisfied, then there exists a sufficiently small number ε > 0 such that (22)-(24) are also satisfied with P i = ε i I . Hence, according to the proof of Item 1 of this theorem, the system is exponentially stable if (41)- (43) are satisfied. In the following, we show that (41)-(43) are equivalent to (19)- (21) . Let
Then inequality (41) is equivalent to
which, by applying a Schur complement, can be expressed by
By applying a Schur complement again, the above inequality is equivalent to
. . .
On the other side, inequalities (42) and (43) are equivalent to
which, by applying congruent transformations, are further equivalent to
(51) (8)- (9) in Lemma 1 are solvable, then the set of LMIs (16)- (18) in Item 1 of Theorem 1 are also solvable, i.e., Item 1 of Theorem 1 is always less conservative than Lemma 1.
Proof: If the LMIs (8)- (9) are satisfied, there exists a sufficiently small number ε > 0 such that the following LMIs
also hold true for all i ∈ I [1, N ]. Let
Then it is readily to see that
Moreover, (52)-(53) can be rewritten as
where i ∈ I [1, N ] . On the other side, we have
So, by the substitution Q j → Clearly, the following integral delay system
21654 VOLUME 5, 2017 which was studied in [21] , is a special case of (1) where 
2) ([21, Th. 2]) There exists a series of positive definite matrices S i ∈ R n i ×n i , i ∈ I [1, N ] such that the following LMI is fulfilled:
We only need to prove that (16)-(18) are also solvable if (60)-(61) are solvable. If inequalities (60) are satisfied, we can choose P i = εI n i with ε being sufficiently small and such that
holds true, which is in the form of (16) with
In the same way, (61) is obviously equivalent to (17) . Finally, by setting β = 0, (18) holds also true.
Proof of Item 2: Pre-multiply and post-multiply both sides inequality (62) by diag
Then, by choosing Q i = S i /h 2 i − εI n i with ε > 0 being sufficiently small, we obtain
On the other side, we know that
The inequalities (63) and (65) are, respectively, in the form of (19) and (20)- (21) At the end of this section, we point out that the delays in the integral delay system (1) are allowed to be time-varying, in which case the integral delay system takes the following form
where G i and B i (θ ) are the same as that in (1) and
in which h i , i ∈ I [1, N ] satisfy (2) . In this case, the results of Theorem 1 also hold true for the systems (66). The proof is similar to that of Theorem 1 by replacing (30) with
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IV. ROBUST STABILITY OF THE INTEGRAL DELAY SYSTEM
In this section, we consider the robust stability of the integral delay systems (1) with parameter uncertainties described by
are some known matrices, and i ∈ R p i ×q i , i ∈ R r i ×s i are some unknown matrices and satisfy
The uncertain integral delay system (1) is exponential stable and converges to the origin no slower than e −βt if one of the following conditions is fulfilled:
1) There exist positive definite matrices
such that the following matrix inequalities are satisfied for all
2) There exist positive definite matrices (31), where
Similarly to the proof of Theorem 1, condition (11) of Lemma 2 is satisfied if and only if
From (74) we get
from which and Lemma 5 we can further get
in which η i > 0, i ∈ I [1, N ] are constants. Therefore, we can obtain
By applying a Schur complement and applying Lemma 4 with the substitution S i → R T S i R, i ∈ I [1, N ], the inequality − i (0) < 0 is equivalent to (72). Similarly, the inequality
The Proof of Item 2: First, we need to prove that the uncertain integral delay system (1) is exponential stable if there exist positive definite matrices Q i ∈ R n i ×n i , S i ∈ R m×m , i ∈ I [1, N ] , and positive constants ρ i , ε i , η i , i ∈ I [1, N ] such that the following matrix inequalities are fulfilled for all
Actually, if the above matrix inequalities are satisfied, we can find sufficiently small numbers
hold true with 
By pre-multiplying and post-multiplying Q −1 i to (85) and (86), we get
Then, by the substitutions Q (92), (93) and (87) and using the Schur complement, we conclude that (91), (92), (93) and (87) are equivalent to the inequalities (75)-(78). The proof is finished.
Remark 4: We point out that the matrix inequalities in Theorem 2 are LMIs if the scalars η i > 0, i ∈ I [1, N ] are specified. Hence in practice a trial-and-error search is needed. We also point out that the results of Theorem 2 still hold true for the integral delay system with time-varying delay (66), where the perturbations are in the form of (69).
V. SOME NUMERICAL EXAMPLES
In this section, we will give some examples to illustrate the effectiveness of the proposed approaches.
Example 1: Consider an integral delay system in the form of
in which G 1 = G 2 = B 0 1 = B 0 2 = I 2 and
For a given β = 0.5, we let h 1 be fixed and use different methods to compute the maximal value of h 2 (denoted by h * 2 ) such that this integral delay system is exponentially stable. The results are recorded in Table 1 . We can see clearly that Item 1 and Item 2 of Theorem 1 lead to the same results and both of them are less conservative than the conditions in Lemma 1 established in [11] . 
Example 2:
Consider an integral delay system in the form of (1) with N = 2 as follows [11] x (t) = 
Let β = 0. For different h 1 , the maximal value of h 2 (denoted by h * 2 ) computed by different methods are shown in Table 2 . It follows that Item 1 of Theorem 1 is always less conservative than Item 2 of Theorem 1 and Lemma 1. Moreover, Item 2 of Theorem 1 is less conservative than Lemma 1 when h 1 is small and otherwise if h 1 is relatively large. We use Theorem 2 to test the robust stability of the system. When β and h 1 are fixed, we use Theorem 2 to find the maximal value of h 2 (denoted by h * 2 ) such that the conditions in this theorem are satisfied, which implies that the system is exponentially stable with the guaranteed decay rate e −βt for any h 2 ∈ [0, h * 2 ] . To ensure that the conditions in Theorem 2 are testable, we let η i = 0.0001. The results are shown in Table 3 . It follows that Item 1 of Theorem 2 and Item 2 of Theorem 2 lead to the same results.
VI. CONCLUSION
In this paper, we have studied the stability and robust stability of a class of integral delay systems with multiple exponential kernels. By using the multiple Jensen inequality, sufficient conditions guaranteeing the exponential stability of the integral delay systems were derived. It was shown that the obtained sufficient conditions are less conservative than the existing ones. Moreover, the robust stability of the perturbed integral delay systems was studied. The effectiveness of the proposed approaches were illustrated by some numerical examples.
